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Numerical methods of solving problems on unconditional

extremum

Method of gradient descent. The method of steepest descent. Statement of the
task of minimizing the function » variables J(u)=J(u,,u,,....,u,) on the set U on
the set the space £ does not differ from the statement in the one-dimensional case.
If U = E" then it’s said of the unconditional minimization of the function J(u).

To solve the problems of unconditional minimization of the function J(u)
widely used approximate methods, which are based on the calculation of first-order
derivatives of the function J(x). Such methods are usually called gradient. Consider
one of them - the method of gradient descent.

Let J(u) - convex differentiable in the whole space E” function, it is required to
find its minimum pointa u *.

We describe the method of gradient descent. The method assumes the choice of
the initial approximation - some point u#” € E”. General rules for selecting a point

u® in the gradient descent method is not present. In those cases when from

geometrical, physical and other considerations there is information about the location
of the minimum point, then the initial approximation ' try to choose closer to this
area. We will assume that some initial point ©'” already choosen. Then the method of

gradient descent consists in constructing a sequence {#“’} by rule
W =y _ g ), g™ >0, k=012,.... 1)
Number ' u3 (1) called the step length or the gradient descent method step.
If J'w™)=0, ™ >0 can be chosen so that J(u"“")<Ju").
If J'(u”)=0, o u'" - stationary point. In this case, process (1) ceases, and if

necessary, additional investigation of the behavior of the function in the
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neighborhood of point ' to determine whether the point ¥ minimum of function
J(u) achieved or not achieved. In particular, if J(u) - convex function, then,
according to the optimality criterion, a minimum is always attained at a stationary
point. There are different ways of choosing '’ in the method (1). Depending on the
selection method o™ It is possible to obtain various variants of the method of
gradient descent. We indicate the most frequently used methods of choice o .

1) Method with step division. In practice, a sufficiently small " >0 often

chosen so that the monotonicity condition is satisfied J(u"“")<J@"™), k=0,12,.....

' crushed until the monotony is restored.

If this condition is violated, the step a'f
Then proceed to calculate the next iteration.
2) The method of steepest descent. on the ray

weE :u=u" -a' @), a>0},

directed along the antiprodient, we introduce the function of one variable
fl@)=Ju"® —a' ")), a>0
and define «*’ from the conditions

fi@?)=inf fi(a)=f, a” >0. )

Method (1), (2) is called the method of steepest descent. For determining ' at
each step a one-dimensional minimization problem (2) is solved, for which it is
possible to use the methods we considered earlier. Let us give an example when the

(k)

quantity ", defined by condition (2), exists and can be written out in explicit form.

Example. Let there be given a quadratic function

1
J(u)=5<Au,u>—<b,u>,ueE", 3)
where 4 — symmetric non-negative definite matrix of nxn order; b, u —

vectors from E”, <b, u > — scalar product of E".

J(u) - convex function, and its derivatives are calculated by formulas
J'(w)=Au—-b, J"(u)=4.

Therefore, method (1) in this case will look like this:
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u® =u" —a™ (4u™ -b),a"™ >0,k=0,,2,....
Thus, the method of gradient descent for function (3) is a well-known iterative
method for solving a system of linear algebraic equations Au =b.

a'” is determined by the formula

® | Au® —b |
a’ = >0
< A(Au"™ -b), Au'"® —b) >

4)

Thus, the method of steepest descent for a quadratic function (3) consists in

constructing a sequence of points {1} by formulas (1), (4).

3) The method with the Lipschitz constant. Let the function J(u) e C*'(E"), i.e.

function J(u) € C'(E") and gradient J'(u) satisfies the Lipschitz condition:
| J @) =S (W[ L]u—v]
for any points u,v € E", and a constant L > 0 1s called the Lipschitz constant.

If the constant L is known, then in (1) as o any number satisfying conditions

0<5, <a <———,
L+26

where J,, 0 - positive numbers that are parameters of the method.

L

: 1 : :
In particular, when o6 = 5 0, = 7 we obtain method (1) with a constant step

1 . : : : :
a = I Hence it is clear that if L - a large value or obtained using rough estimates,

then step o' will be small, and so the method will slowly converge to the minimum

point of the given function.
As a condition for gradient descent, the gradient is usually close to zero J'(u“),

i.e. execution the inequalities

‘a‘](“m) <g i=12,..n

ou,

or

n (k)
|| J'<u<“)|=J F"éz )} <e, 5)

i
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where ¢ - given sufficiently small number. If at some step & one of these
inequalities is satisfied, then it is assumed that the approximate equalities u* ~u'”,
J*=~J(w"™). Then we say that the minimum point of a given function is found with
an accuracy ¢.

The conjugate direction method. Consider the task

f(x)>mf;, xeU=E",

where function f(x) e C'(E").

The conjugate direction method consists 1in constructing successive
approximations x"' to the minimum of the function f'(x) in the following way:

2D = ®) —Olkp(k), k=0,[,..., @ e E", (6)

where x'” - preselected initial approximation, step «, is chosen from condition

®, (a,) = min @, (@),

where @, (@) = f[x"" —af"(x'")].
That is, step ¢, 1s chosen as in the method of steepest descent. And the direction
of descent - p"*’ is determined by the formula
PP =G+ Bp ", k=00, p = (),

where

i(af (x“‘)))z

B = I f'(x(:))sz _ =L o, _ 7
(WA Cams) 3 of (x*™)
i=l 5)(1,

Thus, the method of conjugate directions differs from the method of steepest
descent only by choosing the direction of decreasing the function at each step (— p
instead of — f'(x*)).

Note that p“’ u3 (7) is determined not only by the antigradient — f'(x"), but

also by the direction of descent — p“™ in the previous step. This allows more fully
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than in gradient methods to take into account the features of the function when
constructing successive approximations (6) to its minimum point.

The criterion for achieving a given accuracy of calculations in the method of
conjugate directions is usually the inequalities

‘8f(x("’)

ox.

1

<eg i=L2,..,n

or

) = \/Z{M} <o

i=1 8x

Often to reduce the impact of accumulating errors in computing every N

iterations (6) assume B , =0, m=0,1,..., 1.e. update method ( N - algorithm

parameter).
To minimize the convex quadratic function in E" requires no more than n

iterations of the conjugate direction method.
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